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TRANSFINITE LIMITS IN TOPOS THEORY 


MORITZ KERZ 

Abstract. For a coherent site we construct a canonically associated en¬ 
larged coherent site, such that cohomology of bounded below complexes 
is preserved by the enlargement. In the topos associated to the enlarged 
site transfinite compositions of epimorphisms are epimorphisms and a weak 
analog of the concept of the algebraic closure exists. The construction is a 
variant of the work of Bhatt and Scholze on the pro-etale topology. 


1. Introduction 

In [5] B. Bhatt and P. Scholze construct a so called pro-etale enlargement of 
the usual etale topos of a scheme, see also |21 Tag 0965] and [TB]. A character¬ 
istic feature of the pro-etale topos is that certain limits have better exactness 
properties than in the usual etale topos, while the cohomology of classical 
etale sheaves does not change. This turns out to be useful when working with 
unbounded derived categories. 

In this paper we propose a variant of the theory of Scholze and Bhatt- 
Scholze which works for a coherent site and we give two applications to the 
calculation of hypercohomology and to the existence of a left adjoint of the 
pullback of sheaves along a closed immersion of schemes in the Nisnevich and 
etale topology. 

Consider a coherent topos E, as dehned in [H Exp. VI], for example the 
etale topos of a quasi-compact and quasi-separated scheme. The key property 
we are interested in is whether in the topos a transhnite composition of epi¬ 
morphisms is an epimorphisms. More precisely we say that E is a-transhnite 
if the following property holds: 

For an ordinal A < a and for a functor F : A°p —?■ E with the property that 

• for any ordinal 1 < i+1 < A the morphism Tj+i —)■ Tj is an epiniorphism 
and 

• for any limit ordinal /i < A the natural morphism 

^ limF, 

i<IJ. 

is an isomorphism 
we ask that 

lim Fi ^ Fq 

i<\ 

is an epimorphism. Here the ordinal A as an ordered set is identihed with the 
associated category. 

The property Ro"transhnite is studied in [3] under the name replete. The 
topos of sets is a-transhnite for all cardinals a, while the standard topoi that 
show up in algebraic geometry, for example the small etale topos, are usually 
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not Ko-transfinite. So it is natural to try to make them transfinite in a minimal 
way. 

In our first main theorem, Theorem 14.11 we construct for any coherent site 
C which is admissible in the sense of Definition 13.61 and for any inhnite cardinal 
a a new coherent site (a)C and a continuous functor preserving hnite limits 
: C —)■ (a)C such that the topos («)£ = Sh((Q!)C) is a-trans£nite and the 
associated morphism of topoi 

((vrr)*,(vrrr):(«)E->E = Sh(C), 

has the property that is fully faithful and preserves cohomology of 

bounded below complexes. 

In our second main theorem, Theorem 14.21 we show that for large a the 
topos (a)E is generated by weakly contractible objects. Here following |5] we 
call an object C of E weakly contractible if any epimorphism D —)■ C in E 
splits. In some sense this means that the topoi (a)E ‘stabilize’ for a large. 
Note that in category theory it is more common to use the word projective 
instead of weakly contractible. 

The main difference between our construction and the construction in |3] 
for the etale topos is that we work with a topology, which we call transhnite 
topology, which sits between the usual etale topology and the pro-etale topol¬ 
ogy and in some sense captures properties of both. The precise relation is 
explained in Section [9] for the Zariski topos. 

Concretely our construction works as follows. We consider the pro-category 
pro"-C of pro-objects whose index category is bounded by a. We dehne in 
SectionOthe transhnite topology on pro“ -C as the weakest topology such that 
the canonical functor 

C ^ pro“-C 

is continuous and such that a transfinite composition of covering morphisms 
in pro"-C is a covering morphism. Then the site (q!)C is just pro"-C with 
the transhnite topology. 

In order to motivate the construction of this paper we explain in Section [H] 
why classical Cartan-Eilenberg hypercohomology of unbounded complexes can 
be recovered as the derived cohomology on the enlarged topos (ajE. 

Another motivation stems from the fact that, roughly speaking, in the world 
of transhnite enlarged topoi the pullback functor of sheaves i* for a morphism of 
schemes i : Y ^ X tends to have a left adjoint in the setting of Grothendieck’s 
six functor formalism. This was observed for the pro-etale topology in [3 Rmk. 
6.1.6] and the argument in our setting is very similar. Concretely, we show 
that for X quasi-compact and separated and for a closed immersion i : Y ^ X 
the pullback functor 


i* : D^{{a)Xt) ^ DA((a)Et) 

on derived categories of sheaves of A-modules has a left adjoint if a is large. 
Here t stands for the small Nisnevich or etale topology on the category of 
affine, etale schemes over X oi Y. 
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Notation. A category is called small if up to isomorphism its objects form a 
set and not only a class. When we say topos we mean a Grothendieck topos. 
For topos theory we follow the notation of |12) . 

A coherent site is a small category having finite limits together with a 
topology generated by finite coverings. For a subcanonical site C we write 
y : C —)■ Sh(C) for the Yoneda embedding. 

A partially ordered set (S', <) is considered as a category with a unique 
morphism Si —>■ S 2 if Si < S 2 and no morphisms form Si to S 2 otherwise. 

By a 2-category we mean a (2, l)-category, i.e. all 2-morphisms are invertible, 
2-functors between 2-categories are allowed to be lax. So the formalism of cxo- 
categories is applicable and we freely use notions from |10) . 

We use Zermelo-Fraenkel set theory including the axiom of choice. We do 
not use the concept of universes as applied in pQ. 

Acknowledgment. The results of this paper originated from discussions around 
a seminar on the work of B. Bhatt and P. Scholze on the pro-etale topology 
|3] at the University of Regensburg. I would like to thank all participants of 
this seminar. Clearly, this paper is very much influenced by the work of Bhatt 
and Scholze. I would like to thank B. Bhatt, F. Strunk and M. Spitzweck for 
helpful discussions. I would like to thank the referee for helpful remarks from 
the point of view of a category theorist. 

The author was supported by the Emmy Noether group Arithmetik iiber 
endlich erzeugten Korpern and the DFG grant SFB 1085. The paper was 
completed during a stay at the Institute for Advanced Study. 

2. Preliminaries on towers and limits 

In this section we summarize some properties of pro-categories and diagrams 
indexed by ordinals, which we call towers. 

Pro-categories. As a general reference for pro-categories see for example |Sj. 

In this paper we need to bound the cardinalities of the index categories; how¬ 
ever the basic arguments essentially stay the same as in the existing literature, 
so we do not give any proofs. 

Let C and / be a categories and let a be an infinite cardinal. We call I an 
a-category if the system of all morphisms Mor(J) of I forms a set of cardinality 
at most a. For a a-category I and a functor F : / —)■ C we call limje 7 F(i) an 
o-limit if it exists. There is a corresponding notion for a functor to preserve 
a-limits. 

Note that the formation of a-limits can be ‘decomposed’ into equalizers and 
products indexed by sets / with card I < a im Sec. V.2]. 

On can associate with C its pro-category pro“ -C indexed by cofiltered a- 
categories. The objects of pro“-C are the functors 

( 2 . 1 ) F:I^C 

where I is cofiltered a-category. For F : / —)■ C and G : J ^ C objects of 
pro" -C the set of morphisms from F to G is given by 

(2.2) Morpi.o<i_c(F, G) = hmcohmMorc(F(i), G(j)). 

j£j i&I 

Each object of pro" -C has a level representation F : J ^ C with I a cofinite 
directed set with card / < a. This follows from the proof of [H Prop. 1.8.1.6]. 
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All cofiltered a-limits exist in pro“-C, see jH Thm. 4.1], If C has finite limits 
pro"-C has all a-limits. 

Pro-categories can be characterized by the following universal property. Let 
Cat-^^ be the 2-category whose objects are small categories having finite lim¬ 
its, whose 1-morphisms are functors preserving finite limits and whose 2- 
morphisms are all natural equivalences. Let Cat^ be the 2-category whose 
objects are all small categories having a-limits, whose 1-morphisms are func¬ 
tors preserving a-limits and whose 2-morphisms are natural equivalences. 

Proposition 2.1. The canonical 2-functor Cat^ —?■ Cat-^^ is right adjoint to 
the 2-functor mapping C i—)■ pro"-C. 

For the notion of adjointness in higher category theory see for example m 
Sec. 5.2]. Proposition 12.II is equivalent to the statement that there is a natural 
equivalence of groupoids 

(2.3) Morcat/' (C, D) Mor^^t/ (pro“ -C, D) 

for C G Cat-^^ and D G Cat^ This equivalence is given as follows. For 
F G Mor(-, 3 ^/i(C, D) and (C'j)jg/ G pro“-C set 

0(F)((C',),6,)=limF(a). 

iGl 

Towers. For an ordinal A consider a functor F : A°p —?■ C. We usually denote 
such a functor hy F = (Fi)i<A- For an ordinal p < X write 

(2.4) F<^ = limFi 

if the limit exists. We call F a A-tower (or just tower) if for any limit ordinal 
p < X the limit fl2.4l) exists and if the natural morphism 

is an isomorphism. 

We say that the tower F : A°p —)■ C has a certain property V if all the 
morphisms Fj+i —)■ Fi have the property V for 1 < z -|- 1 < A. We call 
—)■ Fq the transfinite composition of the tower (Fi)i<A if the limit exists. 
By a morphism of towers we mean a natural transformation of functors. 

Let a be a cardinal and C, D categories having all a-limits. We say that a 
functor M : D —)■ C preserves a-transfinite limits if u maps A-towers to A-towers 
for A < a. 

Let F = (Fj)j<A be a tower and ttq ■. Eq ^ F^ a morphism for some ordinal 
/i < A. If fiber products exist in C we define the pullback tower E = ttqF hy 

^ if z < /i 

^Eq Xf^ Fi if z > /z 

There is a natural morphism of towers 7i : E ^ F. 

Let F = (Fi)i<A and G = be two towers. If F<x = Gq we consider 

the concatenation of towers ((F o G)k)k<\-i-iJ, with 


(^ 0 ^)^ = 


Fk if k<X 
Gj if k = X + j 
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The concatention of two towers can be generalized to the concatenation of a 
family of towers indexed by an ordinal. We leave the details to the reader. 

If we are given a symmetric monoidal structnre © : C x C —)■ C which 
preserves limits of towers and we are given two towers F = {Fi)i^x and G = 
j<fi we consider the tower ((F© G)A:)fc<max(A,©- Without loss of generality 
let X < fi. Then, assuming F<x exists, F © G is defined by 



For example we can use the categorical product for © if it exists. 


3. Transfinite sites and topoi 


In this section we study sites and topoi in which certain limits indexed by 
ordinal numbers behave well. More precisely we call a topos transfinite if 
transfinite compositions of epimorphisms are epimorphisms, in the sense of 
towers as in Section HJ The Mo-fransfinite topoi are the same as the replete 
topoi of Bhatt and Scholze |5l Sec. 3]. 

Let a be an infinite cardinal and let E be a topos. 

Definition 3.1. We say that E is o-transfinite if for any ordinal A < a and 
for any A-tower of epimorphisms, i.e. with Fj+i —)■ F, an epimorphism 

for all 1 < i + 1 < A, the transfinite composition 


F<a = lim Ei -)■ F( 


'0 


i<X 


is an epimorphism. We say that E is transfinite if it is o-transfinite for all 
cardinals a. 

Example 3.2. The topos of sets Set is transfinite. For a group G the topos 
BG of G-sets is transfinite. 

More generally, any topos with enough weakly contractible objects in the 
sense of j5l Def. 3.2.1] is transfinite. 

Definition 3.3. We call an object G of a topos E weakly contractible, if any 
epimorphism F —)■ G splits in E, i.e. if there is a morphism G —)■ F such 
that the composition G —)■ F —)■ G is the identity. We say that a topos E 
has enough weakly contractible objects if for any object G of E there is an 
epimorphism F —)■ G with F weakly contractible. 

Note that a small coproduct of weakly contractible objects in a topos is 
weakly contractible. 

As any epimorphism splits in Set, the topos of sets has enough weakly 
contractible objects. The referee points out that the following proposition is 
a classical fact about categories with enough projective objects: in fact in 
such a category a morphism / : G —)■ F is an epimorphism if and only if the 
induced map Mor(F, G) — )■ Mor(F, E) is surjective for any projective object 
P. Therefore Proposition 13.41 is reduced to Example 13.21 As the latter might 
not be well-known to a geometer and as we need a variant of the proof in 
Corollary 15.61 we give a detailed argument below. 

Proposition 3.4. Let E be a topos with enough weakly contractible objects. 
Then E is transfinite. 
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Proof. Let F = (-Fj)j<A be a tower of epimorphisms in E. Choose a weakly 
contractible Eq and an epiniorphisni ttq : Eo ^ F^. Let tt : E —)■ F be the 
pullback tower along tq. As the pullback of an epiniorphisni is an epiniorphisni 
in a topos the tower E consists of epimorphisms. In the commutative diagram 

F<x ^-F<a 

1 3 

the morphisms 2 and 3 are epimorphisms by Claim 1331 So as 1 is dominated 
by an epimorphism it is itself an epimorphism. □ 

Claim 3.5. The morphism F<a — )■ Fq splits. In particular it is an epimor¬ 
phism. 

Proof of claim. We successively construct a compatible family of splittings 
(Fq Ei)i^fj_ for /i < A. Compatible means that the diagram 



commutes for all j < i < /i. Assume the family of splittings has been con¬ 
structed for some p < A. If /i is a successor ordinal use the weak contractibility 
of Eq to find such that the diagram 



commutes. If /r is a limit ordinal let 

Sf, = lim Si\ Eq^ E^ 

i<fj. 

be the morphism obtained from the system by the universal property 

of the inverse limit and the isomorphism F^ limj<^Fi. 

By this successive construction we can assume that there is a system of 
splittings (Fq ^ Fj)j<A. The morphism hmj<ASi is a splitting of 3. □ 

Another way, beside finding enough weakly contractible objects, to show 
that a topos is transfinite, is to find a site defining the topos in which transfinite 
compositions of coverings are coverings. We will make this precise in the 
following. 

Definition 3.6. A coherent site C is called admissible if its topology is sub- 
canonical and for a finite family of objects {Ci)i^i the coproduct C = Uig/Fj 
exists and {Ci —)-C'|iG/}isa covering. We furthermore assume that in 
C there is a strict initial object and coproducts are disjoint and stable under 
pullback, see [121 App.] and Definition 17.31 

Lemma 3.7. The following are equivalent for a coherent subcanonical site C.' 
(i) C is admissible. 
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(ii) C has a strict inital object 0 and the essential image of the Yoneda 
functor 

y :C^y(0)/Sh(C) 

is closed under finite coproducts in the comma category y(0)/Sh(C). 

Working with admissible sites instead of coherent sites is no real restriction 
as the following lemma shows. For a site C we denote by ay : C —)■ Sh(C) the 
composition of the Yoneda embedding and the sheahhcation. 

Lemma 3.8. For any coherent site C let C be the smallest strictly full subcat¬ 
egory of Sh(C) which contains the essential image of ay and which is closed 
under finite coproducts and finite limits. Then C with the epimorphic coverings 
is admissible and the continuous functor ay : C —)■ C induces an eguivalence 
of topoi. 

Recall that a morphism —)■ D in C is called a covering morphism if the 

sieve generated hy E ^ D is a covering sieve. 

Definition 3.9. An admissible site C is called a-transhnite if a-limits exist in 
C and if transhnite compositions of A-towers of covering morphisms (A < a) 
are covering morphisms, i.e. we assume that for a A-tower (Fi)i<A in C with 
Fj+i Fi a covering morphism for alH + 1 < A that F<a —)■ Fq is a covering 
morphism. 

Proposition 3.10. The topos Sh(C) associated with an a-transfinite site C 
is a-transfinite. 

Proof. Let (F’j)j<A be a tower of epimorphisms in Sh(C) (A < a). Choose a 
family {Cr)reR of objects in C and an epimorphism tti : IJrg/jy(C'r) —)■ Fq. 
Recall that y : C —?■ Sh(C) denotes the Yoneda embedding. For simplicity 
of notation we assume that R = {0} consists of only one element. Choose a 
family of elements of C and an epimorphism 

(3.1) ny(C“)^y(C„)Xf,f’,. 

r&Ri 

As y(Co) is quasi-compact there is a hnite subset Ri C Ri such that the 
composite morphism 

(3-2) y(C'r^^) y(Co) xeo -^1 y(Co) 

r£Ri 

is an epimorphism. As the Yoneda functor is fully faithful, this morphism is 
induced by a covering morphism Ci = u. £Ri ^ 0 ) see [121 III.7 Cor. 7]. 

We get a commutative diagram 

y(C'i)- 

y(C'o)--Fo 

which we are going to extend successively to the morphism of towers fl3.4p . 
For doing so we assume now that for /i < A we have constructed a tower 
of covering morphisms in C and a morphism of towers vr^ : (y(C'i))j<^ 
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F\^. If /i is a successor ordinal we proceed as above to find a covering morphism 
—)■ C^-i and an extension of to a morphism of towers 

(3.3) TT^+i : (y(C'i))i<^ —)■ F\ /i+l * 

If /i is a limit ordinal we let = hmj<^ Ci and we let the morphism y{C^) = 
limj<^y(Cj) —)■ F^ be the inverse limit of the morphism of towers vr^. This 
dehnes the required extension as in fl3.3l) in the case of a limit ordinal /i. 

In the end this successive construction produces a tower of covering mor- 
phisms (Cj)i<A and a morphism of towers 

(3.4) TT : (y(Q)),<A ^ F 

The morphism C<a = limj<A Ci —)■ Cq is the composition of a tower of cov¬ 
ering morphisms, so is a covering morphism itself, because C is a-trans£nite. 
In the commutative diagram 

y(C'<A)—- f<a 

1 3 

y(Co)^—Fo 

the morphism 1 is the Yoneda image of a covering morphism and therefore an 
epimorphism. As also 2 is an epimorphism, we see that 3 is dominated by an 
epimorphism and so is an epimorphism itself. □ 

Example 3.11. For an inhnite cardinal a let Aff^ be the category of affine 
schemes Speci? with card(i?) < a. We endow Affci with the fpqc-topology. 
Recall that the fpqc-topology on Affc is generated by coverings {t/j —>■ t/ | i G 
/} with I hnite, Ui ^ U flat and such that 

l[u,^u 

iei 

is surjective. Clearly, the site Affl^'*^ is a-transhnite, so by Proposition 13.101 
the fpqc-topos Sh(Aff^'^^) is a-transhnite. 

4. Main theorems 

Let a be an inhnite cardinal. Let Si be the 2-category in the sense of [TTl XIL3] 
whose objects are admissible sites C fPehnition 13.Op . whose 1-morphisms are 
continous functors C —?■ D preserving hnite limits and whose 2-morphisms are 
the natural equivalences. Similarly, we consider the 2-subcategory Siq, of Si 
whose objects are the a-transhnite sites (Dehnition 13.91) whose 1-morphisms 
are the continuous functors preserving a-limits and whose 2-morphisms are all 
natural equivalences as above. 

Theorem 4.1. For an infinite cardinal a the canonical functor of 2-categories 
Sia —)■ Si admits a left adjoint 

{a) : Si ^ Si„. 

For C admissible let E = Sh(C) and (a)E = Sh((a)C) be the associated topoi. 
The induced morphism of topoi tTq : (a)E —)• E has the property that tt* is 
fully faithful and preserves cohomology of bounded below complexes of abelian 
sheaves. 
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For the precise meaning of adjointness between 2-categories in our sense see 
m Sec. 5.2], The proof of Theorem 14.11 is given in the following two sections. 
In Section[5]we dehne the site {a)C as the category of pro-objects pro"-C with 
the so called transhnite topology. In Proposition 16.31 we show that this site is 
admissible. The adjointness property is then obvious from the dehnition. The 
fact that {a) is fully faithful is immediate from Lemma 16.51 The preservation 
of cohomology is shown in Proposition 16.61 

Unfotunately, we do not know whether the topos (a)E depends on the site 
C or only on the topos E. Roughly speaking Theorem 14.11 means that for any 
admissible site C we get a tower of topoi 

(4.1) - ^(Ka)E^ -^ (Ki)E ^ (Ko)E ^ E 

indexed by all ordinals A, such that the higher up we get the topoi become 
‘more transhnite’. In fact our second main theorem tells us, see Corollary 14.31 
that from some point on the topoi in the tower fl4.ip in fact are transhnite. 

Theorem 4.2. For any admissible site C there is a cardinal fd such that for all 
cardinals a> (d the topos (a)(E) = Sh((a)(C)) has enough weakly contractible 
objects. More precisely, in (a)(E) there exists a generating set of coherent, 
weakly contractible objects. 

Recall that an object C of E is quasi-compact if any covering family has a 
hnite subfamily which is covering. The object C is called coherent if it is quasi¬ 
compact and for any quasi-compact objects S,T of E and any two morphisms 
S ^ C, T ^ C the object S XcT is quasi-compact [H Exp. VI. 1]. 

The proof of Theorem 14.21 is given in the hrst part of Section [71 Using 
Proposition 13.41 we deduce: 

Corollary 4.3. For any admissible site C there is a cardinal Id such that for 
all cardinals a > jd the topos (a)E is transfinite. 

Remark 4.4. The cardinal /d in Theorem 14.21 and Corollary 14.31 can be chosen 
to be card(Mor(C)). More precisely (d can be chosen in such a way that the 
admissible site C is /3-small. For the notion of smallness see Dehnition 15.21 

5. The pro-site of a coherent site 

Let C be a coherent site and let a be an inhnite cardinal. We are going 
to construct two topologies on the pro-category pro“-C dehned in Section O 
such that the embedding of categories C —)■ pro“-C is continuous, i.e. maps 
coverings to coverings. Recall that this embedding also preserves hnite limits. 

Weak topology. The weak topology on pro“-C is dehned as the weakest 
topology such that the functor C —)■ pro" -C is continuous. 

Clearly, for any covering morphism U —)■ PF in C and for a morphism U —)■ 
W in pro"-C the base change —)-17isa covering morphism in the weak 

topology. We call such weak covering morphisms distinguished. Similarly, if 
{Wi —)-PF|ie/}isa hnite covering in C the family {Wi XwU ^ U \ i ^ 1} 
is a weak covering in pro"-C, which we call distinguished. 

One can give an explicit level representation of the distinguished weak cov¬ 
erings. Let F : / —C be an object of pro"-C. We assume that I has a hnal 
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element io and that there is given a covering {C^ —t F{io) \ w E W} va. the 
site C. Let C be the functor given by F^ii) = F{i) xThen 

(5.1) {F^^ F \ w eW} 

is a distinguished covering in pro"-C and all distinguished coverings are of 
this form up to isomorphism. 

Proposition 5.1. For a coherent site C the weak topology on pro"-C is co¬ 
herent and has as a basis the coverings which have level representations of the 
form flS.ip . i.e. the distinguished weak coverings. 

Proof. We have to show that the system of distinguished weak coverings defines 
a basis B for a topology on pro"-C. Clearly, an isomorphism is a covering in 
B and the pullback of a covering in B exists and is itself a covering in B by 
definition. 

The property we have to check is that the composition of coverings from B 
is a covering in B. More precisely, let {F^j F \ w E W} bea covering in 
B of the form (EU, i.e. with a level representation indexed by the cofiltered 
a-category / with final element io. Given coverings {Gw,v F^ \ v E Ww} in 
B for w G IT we have to show that the composite morphisms 

(5.2) F \ w E W,v E Wu,} 

form a covering in B. Changing the level representation (here we use that 
W is finite) we can assume that the are also indexed by I and that 
Fyj{pj Fy,{io) for all % E F Here \^Dw^v t Fyj{xo) \ t E HG?} 

are coverings in C. So fl5.2p is level equivalent to the pullback of the covering 
{Dw^v F{io) \ w E W,v E Ww} along F —)■ F{io) and therefore is a covering 
in B. □ 

Definition 5.2. Let a be an infinite cardinal. We say that a site C is a-small 
if for any object G in C there is a set of covering morphisms K{G) of G with 
cardiC(G) < a such that for any covering morphism F —)• G in C there is 
F —)■ G in K{G) and a factorization D ^ E ^ G. 

Clearly, any coherent site whose underlying category is an a-category is 
a-small. 

Proposition 5.3. If the coherent site C is a-small the pro-site pro"-C with 
the weak topology is also a-small. 

Proof. Consider F : / —)■ C in pro"-C with I a directed set with card / < a. 
For every i G / let Fj be a set of covering morphisms of F{i) in C as in 
Definition 15.21 By Proposition 15.11 the set of cardinality at most a of covering 
morphisms 

{D F —)■ F I i G /, {D —)■ F{i)) E Ki} 
satisfies the condition of Definition 15.21 for the weak topology. □ 

In the next lemma we collect for later reference a few fact about coproducts 
in pro“-(C). 

Lemma 5.4. Assume C is an admissible site, see Definition \3.b\ 

(i) A strict initial object in C defines a strict initial object in pro"-(C). 
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(ii) pro"-(C) has finite coproducts which are disjoint and stable under pull¬ 
back. Furthermore, finite coproducts of towers are towers. 

(iii) For a finite coproduct U = pro"-(C) the family {Ui 

U \ i E 1} is a distinguished weak covering. 

(iv) For a distinguished weak covering {Ui -E U \ i E 1} in pro"-(C) the 
morphism Ui ^ U is a distinguished weak covering morphism. 

(v) For a finite family of distinguished weak covering morphisms Vi ^ Ui 
in pro" -(C) (i E I) the morphism ]J Vi —)• U Ui is a distinguished weak 
covering morphism. 

Proof. 

(ii) : Use that finite coproducts commute with cofiltered a-limits in pro"-(C) 
by [S, Thm. 6.1]. 

(iii) : Choose common level representations {Ui{j))j^j of the Ui {i E I) such 

that J has the final element jo. We know that (U. Ui{j))jfzj is a level repre¬ 
sentation for U, which we fix. As Ui{j) ^ Ufijo) Xu{jo)U{j) is an isomorphism 
(use the strict initial object), we see that {Ui ^ f/ | i G /} is the pullback of 
the covering {Ufijo) -E U{jo) | i G /} in C. □ 

Transfinite topology. The transfinite topology on pro"-C is the weakest 
topology such that the functor C —)■ pro"-C is continuous and such that A- 
transfinite compositions of covering morphisms are covering morphisms (A < 
a). The latter means that if (T))j<A is a tower in pro" -C with A < a such that 
Fj+i -E Fi is a covering morphism for alH -|- 1 < A the morphism 

F<a = lim Fi -E Fo 

i<X 

is a covering morphism. 

The category pro"-C with the transfinite topology is denoted {a)C. In 
Proposition 16.31 we show that (a)C is admissible if C is admissible. This 
will complete the proof of the adjointness part of Theorem 14.11 in view of 
Proposition 12.11 

A key step is to give an explicit presentation of the transfinite topology for 
an admissible site C, see Definition 13.61 For this consider transfinite coverings 
in pro"-C of the following form. We call a morphism t/ —?• U in pro"-C a 
distinguished transfinite covering morphism if it is an A-transfinite composition 
(A < a) of distinguished weak covering morphisms. The families of the form 

(5.3) {U^^U ^U \weW} 

with U ^ U a distinguished transfinite covering morphism and {U^ -E- U \w E 
W} a distinguished weak covering [W finite) are transfinite coverings, called 
distinguished transfinite coverings. 

Proposition 5.5. //C is an admissible site the transfinite topology on pro"-C 
is coherent and has as a basis the distinguished transfinite coverings, i.e. the 
coverings of the form fl5.3p . 

Proof. First we show that the coverings fl5.3p form a basis B for a topology. 
The only nontrivial part is to check that the composition of coverings in B is 
in B. 

Let 

{U,,^U ^U \weW} 
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be in B and for all ta G bb let 

{Uw,v Uw Uw I V G Ww} 

be in B. 

The morphism —)■ f/ is a distinguished weak covering morphism 

by Lemma l5.4f ivh In pro"-(C) finite coproducts of towers are towers and 
hnite coproducts of distinguished weak covering morphisms are distinguished 
weak covering morphisms by Lemma fS.df iil and (v). So by concatenation of 
towers we get that the composition 

wGW wGW 

is a distinguished transfinite covering morphism. As 

u U^i I w G IT, n G Ww} 

w'gW 

is a distinguished weak covering we have shown that 

{Uw,v —^ f/ I la G IT, V G bTo]- 

is in B. 

In order to finish the proof of Proposition 15.51 we have to show that A- 
transhnite compositions of covering morphisms with respect to the topology 
defined by B are covering morphisms in the same topology (A < a). By an ar¬ 
gument very similar to the proof of Proposition 13. lOl one is reduced to showing 
that for a tower (f/j)j<A of distinguished transfinite covering morphisms the 
composition f/<A —)■ Tq is a distinguished transfinite covering morphism. By 
assumption for any i -(- 1 < A we can find a tower of distinguished 

weak covering morphisms such that Ui^ = Ui and lim^^Ai Cij = By 

transfinite concatenation of the towers {Uij)j^Xi we get a tower {Ul)k<x' of 
distinguished weak covering morphisms indexed by the ordinal A' = 'YIikx 
with Uq = Uq and = U<x- So 17 <a —>■ Tq is a distinguished transfinite 
covering morphism. □ 

We say that an object f/ of a site is weakly contractible if any covering 
morphism T —)■ f/ of the site splits. Clearly, if the site is subcanonical this is 
equivalent to saying that the sheaf y{U) is weakly contractible in the associated 
topos in the sense of Definition 13.31 

Corollary 5.6. Let C he an admissible site and let U G pro"-C be weakly 
contractible for the weak topology. Then U is also weakly contractible for the 
transfinite topology. 

The proof of Corollary 15.61 is very similar to the proof of Proposition 13.41 
so we omit the details. It is sufficent to show that a distinguished transfinite 
covering morphism limj<A Ui ^ U splits. Here Tj+i —?• Ui are distinguised weak 
covering morphisms for all i. Such a splitting can be constructed successively 
over i as splittings U ^ Ui. 

6. Pro-covering morphisms 

Let C be an admissible site and a an infinite cardinal. In this section we collect 
a few results which are related to the concept of pro-covering morphism. 
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Definition 6.1. A morphism f : V ^ U in pro“ -C is a pro-covering morphism 
if / has a level representation by covering morphisms in C. 

Lemma 6.2. A distinguished covering morphism in the weak and in the trans- 
finite topology is a pro-covering morphism. 

Proof. The case of the weak topology is trivial by the description 05.1 j) of 
distinguished weak covering morphisms. 

Let (t/i)i<A (A < a) be a tower of distinguished weak covering morphisms. 
We want to show that f/<A Uq is a pro-covering morphism. Without loss 
of generality A is not a limit ordinal. We argue by contradiction. If the 
composition is not a pro-covering morphism there exists a smallest ordinal 
/i < A such that f/^ —?• Uo is not a pro-covering morphism. 

If /i is a successor ordinal —>■ U^-i —)• t/o is a composition of a dis¬ 

tinguished weak covering morphism and a pro-covering morphism, so it is a 
pro-covering morphism, contradiction. 

If p is a limit ordinal 

iivnUi —)■ Uq 

i<lM 

is a cohltered limit of pro-covering morphisms, so is a pro-covering morphism 
byil Cor. 5.2], contradiction. □ 

Proposition 6.3. For C admissible the site pro"-C with the weak and the 
transfinite topology is admissible. 

By what is shown in Section [5] the site pro“-C with both topologies is 
coherent. The site pro“-C is subcanonical by Lemmas 16.21 and 16.41 It has 
hnite coproducts with the requested properties by Lemma 15.41 

Lemma 6.4. For a pro-covering morphism f : V ^ U and for an object W 
in pro“ -C 

Mor(f/, W) Mor(l/, W) ^ Mor(l/ XuV,W) 

is an egualizer. 

fi 

Proof. Without loss of generality we can assume W E C. Let {Vi -A Ui)i(zi be 
a level representation of / with fi a covering morphism in C. For each i E I 
we get an equalizer 

(6.1) Mor([/i, W) -E Mor(l/i, W) ^ Mor(14 Xu, V, W). 

Taking the colimit over i E I in fl6.ip and using the fact that in the category of 
sets filtered colimits commute with finite limits m IX.2] we finish the proof 
of Lemma 16.41 □ 

Let TT : C —?• pro“-(C) be the canonical functor. 

Lemma 6.5. For a sheaf K on C the sheaf 7r*K on pro“-C with the weak or 
transfinite topology is given on U = {Ui)i^i by 

Tr*K{U) = coiim K{Ui). 

iei 

Proof. For any sheaf L on C consider the presheaf 

L^-.U = {Ui)i(,i ^ coiim L{Ui) 
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on pro“-C. For a pro-covering morphism W ^ U 

L\U) L\W) L\W Xu W) 

is an equalizer, because in Set finite limits commute with filtered colimits. So 
by Lemma 16.21 it follows that L** is a sheaf. 

By in Prop. 1.5.1] the presheaf pullback of iP to a presheaf on pro"-C is 
given by 

(6.2) colim K(V) 

(V,fv)eu/7T 

where U/tt is the comma category whose objects consist of Id G C and a 
morphism U —)■ vr(l/) in pro"-C. As the objects {Ui,U Ui) are cofinal in 
this comma category we see that the presheaf f|6.2p coincides with the sheaf 
K'^, which finishes the proof by [U Prop. III. 1.3]. □ 


We conclude this section with an application of the notion of pro-covering 
morphism to derived categories. For a commutative unital ring A let be 

the derived category of bounded below complexes of A-modules. The following 
proposition is a variant of |5l Cor. 5.1.6]. 

Proposition 6.6. For both the weak and the transfinite topology and for K G 
Df{C) the natural transformation 

K —)■ 


is an equivalence. 

Proof. One easily reduces to the case of an injective sheaf K in ShA(C). As 
K —)■ is an isomorphism by Lemma 16.51 we have to show that 

K) = 0 for all j > 0 and U in pro"-C 

in the weak and in the transfinite topology, because this implies that 7r*7r*iF —)■ 
R7r*7r*iF is a quasi-isomorphism by in Prop. V.5.1]. By jll Prop. V.4.3] it 
suffices to show that Cech cohomology 

K) = colim W{f, K) 

feCoVpj-^a.ciU) 

vanishes for j > 0. Here CoVpi.oa-c(f^) is the category of distinguished covering 
morphisms of U in the weak resp. transfinite topology. For simplicity of nota¬ 
tion we do not distinguish between K and 'k*K. As the distinguished covering 
morphisms are pro-covering morphisms by Lemma 16.21 / G _c{U) has 

fi 

a level representation of the form (Vi Ui)i^i with covering morphisms fi in 
C. Again by [H Prop. V.4.3] and using injectivity of iP as a sheaf on C we 
obtain the vanishing of 

(/, K) = colim H\fi, K) = 0 for j > 0. 

i£l 


□ 
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7. Weakly contractible objects 

Proof of existence. In this subsection we prove Theorem 14.21 Consider the 
topos E = Sh(C), where C is an admissible site. Let (3 be an inhnite cardinal 
such that C is /3-small, see Dehnition 15.21 The site pro“-C with the weak 
topology is o-small for a > /3 by Proposition 15.31 We are going to show 
that under this condition for any object U in pro"-C there is a transhnite 
covering morphism V°°{U) U such that V°°{U) is weakly contractible in 
the weak topology. Then by Corollary 15.61 V°°(U) is also weakly contractible 
in the transhnite topology and this clearly implies that (q!)E = Sh((Q!)C) has 
a generating set of coherent weakly contractible objects. 

So consider a > (3. Choose for each U in pro" - C a set of cardinality at most 
a of generating covering morphisms K{U) as in Dehnition 15.21 Let V{U) be 
the product n(y^t/)eA'(c)(^ comma category pro"-C/17. 

Claim 7.1. For each U in pro"-C the morphism V{U) — )■ 17 is a transhnite 
covering morphism in pro"-C. 

Proof. Let A < a be an ordinal such that there is a bijection 

t : {/ < A I i is successor ordinal } ^ K{U). 

We successively construct a tower of weak covering morphisms (hi)i<A with 
Vq = U and I7 <a = ViU). Assume Vj has already been dehned for all j < i. If 
/ < A is a successor ordinal set 

Vi = Vi-i Xu 

If /< A is a limit ordinal set 

Vi = \imVj. 

j<i 

□ 


For a positive integer i let V^{U) be the /-fold application of V, i.e. 
V\U)=V{V^-\U)) for/>l, 

and let V°°{U) be limjgi^ ^*(17). By concatenation of towers we see that 
V°°{U) ^ f/ is a A-transhnite compositon of weak covering morphisms (A < 
a). 

Claim 7.2. The object V°°{U) of pro"-C is weakly contractible in the weak 
topology. 

Proof. Let V —)■ V°°{U) be a distinguished weak covering morphism. There 
exists a positive integer i and a distinguished weak covering morphism V —)■ 
V^{U) such that 

W ^ 17 Xpi^u) V°°{U). 

By the dehnition of V there is a factorization 

V^+\U) -^V ^V\U) 

of the canonical morphism —)■ P*(f/), which induces a splitting of 

V' V°^{U). □ 
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Disjoint covering topology. 

Definition 7.3. We call a small category D a dc-category if finite coproducts 
exist in D and furthermore finite coproducts are disjoint and stable under 
pullback, see m App.]. The hnite coverings of the form {Vi V \ i E 1} 
with V = Vi dehne a basis for a topology on D, which we call the dc- 
topology. 

Lemma 7.4. Let C be an admissible site. 

(i) The full subcategory of weakly contractible objects C in Q forms a dc- 
category and the functor C — )■ C zs continuous, see jU Def. 111.1.1], 

(ii) If there are enough weakly contractible objects in C, i.e. if for any 
object U in C there is a covering morphism !/—)■[/ with V E C 
weakly contractible the restriction of sheaves induces an equivalence of 
categories between Sh(C) and Sh(C). Here C has the dc-topology. 

To show Lemma rm iil one uses the comparison lemma [T^ App., Cor. 4.3]. 

For a ring A and a topos E let ModA(E) be the category of A-modules in E. 

Lemma 7.5. Let E be a topos and let U be a weakly contractible object in E. 
The additive functor from ModA(E) to A-modules 

F^T{U,F) = Mote{U,F) 

is exact. 


8. Example: Cartan-Eilenberg hypercohomology 

Let C and D be admissible sites. Let / ; D — )■ C be a continuous functor 
preserving hnite limits. For a commutative unital ring A let ModA(C) be the 
category of sheaves of A-modules on C and let Da(C) be its derived category. 

In geometry one is often interested in studying the right derived functor 
R/* : Da(C) —>■ Da(D). It was shown by Joyal and Spaltenstein im that this 
right derived functor always exists abstractly, see for example [B] for a mod¬ 
ern account. However, it has good ‘geometric’ properties only for complexes 
bounded below or under some condition of hnite cohomological dimension. 
These problematic aspects of the right derived functor are discussed in the 
framework of homotopy theory in [Till Sec. 6.5.4], 

As an alternative to the derived functor one can use the older concept of 
Cartan-Eilenberg hypercohomology pushforward 

H/, : Da(C) ^ Da(D) 

dehned for a complex K* as 1HI/*(A'*) = /*(Tot/**), where K* — )■ I** is a 
Cartan-Eilenberg injective resolution [TJ Sec. XVll.l] and where (TotJ**)„ = 
Y[i+j=n form Cartan-Eilenberg hypercohomology is studied in [T81 

App.]. In fact, in [7] the direct sum instead of the direct product is used, but 
this does not seem to be appropriate for cohomology. Cartan-Eilenberg hyper¬ 
cohomology is equivalent to hypercohomology calculated using the Godement 
resolution, see [ISl App.]. 

For admissible sites we can give a universal characterization of Cartan- 
Eilenberg hypercohomology in terms of derived functors. Let 

ttJ : c ^ (a>C 



TRANSFINITE LIMITS IN TOPOS THEORY 


17 


be the canonical functor. We denote the induced functor (a)D {a) Cby 

r. 

Proposition 8.1. For coherent sites C and D and an infinite cardinal a the 
diagram 


D^{{a)C) 

Da{C) - 




H/. 


commutes up to canonical equivalence. 


/^a((«)D) 

^R(7rD). 

-/^a(D) 


Proof. It is sufficient to show that for a complex K of sheaves of A-modules 
on C there is a quasi-isomorphism 

R(^a)*(^a)*^-Totr*, 

where K* —>■ I** is a Cartan-Eilenberg injective resolution as above. 

Claim 8.2. The functor maps a Cartan-Eilenberg injective resolution 

of on (a)C to a Cartan-Eilenberg injective resolutions of K. 

Proof of claim. Note that (vr^)* preserves injective sheaves and products be¬ 
cause it is a right adjoint of the exact functor (vr^)*. One easily reduces the 
proof of the claim to the case in which K is in ModA(C). Let —)■ I* be 

an injective resolution of K. Then by Proposition 16.61 the pushforward 
is an injective resolution of iL ~ (7r^)*(7r^)*iC, so the claim follows. □ 

Using the claim Proposition 18.11 follows immediately from [T51 Thm. A.3]. 
Here we use that countable products are exact in ModA((a)C), see 0 Prop. 
3.1.9], which is sufficient in the proof of |18[ Thm. A.3]. □ 


9. Example: transfinite Zariski topos 

In this section we explain how the construction of Section [3] applied to the 
Zariski topos of an affine scheme X = Spec {R) relates to the method of 
Bhatt-Scholze O Sec. 2]. The comparison in the etale case is very similar. We 
fix an infinite cardinal a with a > card(i?) 

The category Affx- Let Affx be the category of affine schemes Spec (A) 
over X with card(A) < a. The Zariski topology on Affx has a basis given by 
coverings 

{Spec (A[y]) -)■ Spec (A) | i = 1,..., n} 

Ji 

where /i, ...,/„ G A generate the unit ideal in A. 

The site Aff^^’’. Let Aff^^"^ be the full subcategory of Affx whose objects 
are of the form Spec nr=i -^[1//*] with fi,...,fn £ R and whose morphisms 
are scheme morphisms over X. We endow Aff^^^ with the Zariski topology. 
In O Sec. 2.2] the objects of are called Zariski localizations of R. 

Clearly, the associated topos Sh(Aff^®''^) is equivalent to the usual Zariski 
topos of X. Moreover, Aff^®^*^ is admissible, see Definition 13.61 
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The category The functor 

(9.1) lim : pro“ ^ Aff^ 

which maps a pro-system to its inverse limit is fully faithful. For any affine 
scheme Spec A in the image of the functor fl9.ip Bhatt-Scholze say that A is 
an ind-Zariski localizations of Spec R. We write the image of the functor fl9.ll) 
as 

Topologies on Aff^°. The topology on Aff^° induced by the Zariski topol¬ 
ogy on Affx is isomorphic to the weak topology on pro^-Aff^^"^ via the equiv¬ 
alence induced by fl9.ip . 

In j5] and |2l Tag 0965] the pro-etale topology is studied. There is an obvious 
analog in the Zariski word, the pro-Zariski topology, defined as follows: 

is a pro-Zariski covering if I is finite, Ui ^ U is surjective and induces 
an isomorphism Ou,TTi{x) Oui,x for all x E Ui. 

We get the following relations between topologies on Aff^° 

(Zariski topology) C (transfinite topology) C (pro-Zariski topology). 

Question 9.1. Does there exist an analog of the pro-Zariski topology on 
pro"-C for a general admissible site C. This pro-topology should be stronger 
than the transfinite topology. For example one might try to define the re¬ 
quested pro-topology as generated by coverings {Uw U \ w E W} with 
W finite and with Uw ^ U a pro-covering morphism which induces a 

surjection on topos points. 

The category Affjjl^ One problem of the pro-category Aff)^° is that its 
definition is not local on X. This is the reason why in [5] and [21 Tag 0965] 
the weakly etale morphisms and in the Zariski case the isomorphisms of local 
rings morphisms are used. A similar technique, which is related to the pro- 
etale topology of rigid spaces as defined in [16], can be used in our case in 
order to replace Aff^° by a more local definition. 

Consider the full subcategory of Affx consisting of universally open mor¬ 
phisms / : T —)■ A which identify local rings, i.e. for any point y EY the map 
f* : Oxj{y) ^ OY,y is an isomorphism. 

Lemma 9.2. For a functor F : I ^ Aff^^ such that I is a cofiltered a- 
category and such that all transition maps F{i) —)• F{j) are surjective the limit 
Y = hmjg/F(i) taken in Affx is an object of 

Proof. We show that T —)■ A is open. Any affine open subscheme U <ZY is the 
preimage of some affine open f/j C F{i) for some i E L Note that Y F{i) is 
surjective, because the fibres of the transition maps in the system F are finite 
and nonempty and a cofiltered limits of finite nonempty sets is nonempty. So 
the image of t/ in A is the same as the image of Ui and therefore is open. □ 

If not mentioned otherwise we endow Aff^^ with the transfinite topology, 
i.e. the weakest topology containing the Zariski coverings and such that a A- 
transfinite composition of covering morphisms is a covering morphism (A < a). 
This topology has an explicit description similar to Proposition 15.51 
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For U in Aff^* the weakly contractible object V°°{U) as defined in Section [7] 
exists in So the site Aff^* has similar properties as Aff^° with the 

transfinite topology. In fact both are closely related as we show now. 

Proposition 9.3. For any Y ^ X in Aff^* there is a X-transfinite composi¬ 
tion (X < a) of surjective Zariski localizations Y such that Y ^ X is in 

Aff^™. 

In particular there is an equivalence of topoi 

Sh(Aff5^^) = Sh(Aff5^^ n Aff^™), 
where both sites have the transfinite topology. 

Sketch of Proof. Composing P —)■ X with the transfinite composition of surjec¬ 
tive Zariski localizations V°°{Y) —)■ P we can assume without loss of generality 
that Y is weakly contractible. 

Consider the following data: Y = Vj is a finite decomposition into open 
and closed affine subschemes and Ui <Z X is an open affine subscheme such 
that /(Vi) C Ui. The set of such data forms a directed set J under the ordering 
by refinement. Then 

r ^ lim ]J Ui 
iei 

is an isomorphism. □ 


10. Example: a left adjoint to i* 

Let i : Y —)• X be a closed immersion of separated, quasi-compact schemes. 
Consider the category of schemes U together with an etale, affine morphism 
f/ —>■ X. We write Xt for this category endowed either with the Nisnevich 
(t = Nis) or etale (t = et) topology, similarly for Y. Clearly, Xt and Yt are 
admissible. 

Let A be a commutative ring. Consider the pullback functor 

(10.1) i* : DA{Yt) ^ ZlA(Xt) 

on unbounded derived categories of complexes of A-modules. 

Our aim in this section is to show that the analogous pullback functor in 
the transfinite Nisnevich and transfinite etale topology has a left adjoint. A 
similar result for the pro-etale topology has been observed in [5l Rmk. 6.1.6]. 
Before discussing the transfinite case we discuss why in the classical case the 
functor flin.ip has no left adjoint in general. 

Recall that the derived categories in fllO.ip have small products. For (Xj)jg/ 
a family of complexes A-modules in Xt the infinite product of these complexes 
in DA{Xt) is calculated by first replacing the Ki by K-injective complexes as 
in El , see e.g. jS], and then taking degreewise products of sheaves. The 
following example shows that in general the functor fllU.ip does not preserve 
infinite products, in particular it cannot have a left adjoint. 

Example 10.1. For a prime p write the henselization of Z(p) as an filtered 
direct limit of etale Z(p)-algebras 

^fp) = colimA^-. 
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We consider the closed immersion 

i : Spec (Fp) —)■ Spec (Z(p)). 

By 1\Aj\ we denote the etale sheaf of free abelian groups on X^t = Spec 
represented by Spec(y4j). Then the homotopy limit in the sense of |T^ Sec. 
1.6] taken in the triangulated category 

K = holim jeJ '^[Aj] 

has vanishing etale cohomology sheaf in degree zero. However i*'L[Aj\ is the 
constant sheaf Z, so 

holim^gj = Z 

is not quasi-isomorphic to i*K. 


Theorem 10.2. Let X he quasi-compact and separated. There exists an infi¬ 
nite cardinal fi such that for a > (3 the functors 

(10.2) i* : Sh((a)Xt) ^ Sh((a)yt) 

(10.3) i* : DA{{a)Xt) ^ DA{{a)Yt) 

have left adjoints. 

Proof. Choose fi such that for any open affine subscheme Spec (H) —)■ X we 
have /5 > card(H). Then according to Theorem 14.21 and Remark 14.41 there 
exists a generating set of coherent, weakly contractible objects in the topoi 
Sh((a)Xt) and Sh((a)Ft). 

Lemma 10.3. Any coherent topos E as a small cogenerating set. 

Proof. By Deligne’s theorem [H Sec. IX. 11] any coherent topos E has a set of 
points 

; Set ^ E (j e J) 

such that all pj together induce a faithful functor 

{P*j)j&j ■ E ^ JJSet. 

The set of objects pj_*({l,2}) (j G J) is cogenerating. □ 

Lemma 10.4. The triangulated categories DA{{oi)Xfi) and D ^{{(yfYfi) are com¬ 
pactly generated. 

Proof. For simplicity of notation we restrict to DA{{<y)Xt). For U a coherent, 
weakly contractible object in Sh((Q!)Xt) the sheaf of free A-modules A[f/] rep¬ 
resented by f/ is a compact object of the triangulated category DA{{(y)Xt). In 
fact the global section functor F([/, —) preserves exact complexes by Lemma 1731 
Furthermore, taking sections over a coherent object preserves direct sums of 
A-modules [II Thm. VI.1.23]. 

Let W be a set of such coherent, weakly contractible objects U which gen¬ 
erate the topos Sh((a)Xt). Then the set of compact objects {A[t/] | U G W} 
generates the triangulated category DA{{oi)Xfij. □ 
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By the special adjoint functor theorem m Sec. V.8] the existence of a left 
adjoint to fll0.2j) follows once we show that the functor fll0.2j) preserves small 
products. Indeed, coherent topoi satisfy the conditions of the special adjoint 
functor theorem by Lemma [10.31 and general properties of topoi. 

By P Prop. 5.3.1] and by Lemma [1U.4I the existence of the left adjoint to 
fllU.dp follows if we show that fllU.dp preserves small products. 

In order to prove that our two functors i* preserve small products we can 
assume without loss of generality that X is affine. In this case the fact that 
flin.2p preserves products is immediate from Lemma 110.51 The argument for 
the functor fll0.3p is given after the proof of Lemma 110.51 

Lemma 10.5. Fora as above and for X affine the functor 

t* : Sh((a)Xt) ^ Sh((a)Ft) 

has a left adjoint, denoted i\,, which satisfies 
(i) o ii, ~ id, 

(ii) maps weakly contractible objects to weakly contractible objects. 

Proof of Lemma I i d. ,51 For V ^ Y affine etale there exists an affine etale 
scheme t/' —)■ X such that U' Xx Y = 1/, see P Tag 04D1]. Let U be the 
henselization of U' along V, see m Ch. XI]. The resulting affine scheme U to¬ 
gether with the isomorphism U XxY = 1/ is unique up to unique isomorphism 
and depends functorially on V. 

Taking inverse limits defines a fully faithful functor from {a)Xt to the cat¬ 
egory of affine schemes over X. And the scheme U constructed above lies in 
the essential image of this functor. Without loss of generality we will identify 
U with an object of {a)Xt. 

So the map V ^ U extends to a functor : Yt —)■ {a)Xt which we can 
extend by continuity to a functor 

(10.4) : {a)Y, ^ {a)X,. 

which is left adjoint to the pullback functor U ^ U Xx Y. 

By ID Prop. 1.5.1] the pullback along z in the sense of presheaves maps a 
presheaf F on {a)Xt to the presheaf 

(10.5) 1^ !-)■ colimF(17), 

(UJu) 

on {a)Yt, where {U, fu) runs through the comma category of all pairs in which 
U is in {a)Xt and fu is a map V U XxY in {a)Yt. But clearly for given V 
the object in {a)Xt together with the isomorphism XxY = 1/ is an 

initial element in the comma category of these pairs. So the presheaf pullback 
of F is given by 

(10.6) 1/^ F(fP’'V). 

Let Yt be the full subcategory of {a)Yt given by the weakly contractible 
objects. Note that according to the first part of Section [T] the objects of Yt 
generate {a)Yt. The restriction of the functor 010.41) to Yt with the dc-topology, 
see Definition [731 is continuous in the sense of jll Def. III. 1.1]. To see this, 
note that decompositions into disjoint unions oi V G Yt can be lifted to i^^^V 
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by jini Prop. XI.2.1]. Now jl] Prop. III.1.2 ] tells that that we get an adjoint 
pair of functors 

: Sh(F0 ^ Sh((«)X0 : 

By Lemma 17.41 and by what is explained above equation (llO.dp . the right 
adjoint is just the composition of the sheaf pullback 

(10.7) i* : Sh((a)Xt) ^ Sh((a)Ft) 

composed with the restriction to Yt. However the latter restriction 

Sh((a)Ft) ^ Sh(L;) 

is an equivalence of categories according to Lemma 17.41 so we obtain a left 
adjoint i\, to fll0.7p as stated in Lemma 110.51 

Property (i) of the Lemma is immediate from the construction of i\, and (ii) 
follows abstractly from the adjointness property. □ 

Consider a family of complexes of sheaves of A-modules {Kj)j^j on {a)Xt. 
Note that, because there are enough weakly contractible objects in Sh((a)Xt), 
small products of complexes of sheaves of A-modules on {a)Xt preserve quasi¬ 
isomorphisms by Lemma 17.51 So we have to show that 

16J jeJ 

is a quasi-isomorphism, where the product is just the degreewise product of 
sheaves. Using compact generators A[[/] of Dx{{a)Yt), see Lemma 110.41 it 
suffices to show that 

(10.8) r(f/,**(n/f,)) ^ 

ieJ jeJ 

is a quasi-isomorphism of complexes of A-modules. By the adjunction of 
Lemma 110.51 this is equivalent to showing that 

mu, mu,K,) 

16J jeJ 

is a quasi-isomorphism, which is obvious. □ 
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